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For a TychonofI space X, the construetions P{X) and P-r(X) of the spaces of probabiUty Radon measures 
and probabiUty r-smooth measures on X are considered. It is proved that the constructions P and Pt determine 
functors in the category of Tychonoff spaces, which extend the functor P of probability measures in the category 
of compacta. In this part we investigate general topological properties of the spaces P{X) and Pt(X), as well as 
categorial properties of the functors P and Pt ■ 
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Introduction 

The space of probability measures is a classical object which is studied form different points of view in 
Measure Theory, Functional Analysis, Probability Theory, Topology and Category Theory. This paper is 
the first part of a larger project (the results of which were announced in [1]) devoted to the study of spaces 
of probability measures on topological spaces, in particular, spaces of probability r-smooth measures and 
probability Radon measures. Our interests primarily touch on topological and categorial aspects of Measure 
Theory and are very much in line with the survey [2], where a functor P : Comp — ?> Comp of the space of 
probability measures in the category of compacts is studied (we are going to use contemporary terminology, 
understanding a compact Hausdorff space under the term "compact"). 

The study of spaces of probability measures leads to the problem of extension of the functor P from the 
category of compacta to wider categories, in particular, the category Tych of Tychonoff spaces and their 
continuous maps. One of such extensions Pjs was suggested by By A.Ch. Chigogidze [3]: For a Tychonoff 
space X let us consider the space PpiX) = {fi e P{f3X) \ supp(/i) C X C f3 X}, where /3 X is the Stone-Cech 
compactiflcation of X, and supp(/i) is the support of the measure fi. The structure P^(X) induces a functor 
PjS : Tych — Tych, which extends the functor P : Comp Comp. Another construction was considered in 
[2] by V.V. Fedorchuk, who noted that the functor P o /3 : Tych Comp assigning to each Tychonoff space 
X the space P{(3X), also extends the functor P : Comp — > Comp. 

However, the functors Pp and Pop have a number of drawbacks. In particular, the space Pp{X) is 
very narrow and does not contain many natural countably additive measures on X (i.e. measures non- 
compact supports), and, on the other hand, the space P[f3X) is very broad, and contains all finitely additive 
measures on X, and, as a result, the functor P o fj does not preserve many specific properties of the space 
X, in particular, it significantly raises the weight (although it does not raise the density). 

Thus, it is natural to consider spaces of measures, which lie between the spaces PpiX) and P{j3X). 

For that purpose, let us consider for a Tychonoff space X the following two spaces of probability measures: 

PiX) = {fi e P{PX) \ fi^X) = 1} and PriX) = {fiePiPX)\fi*iX) = l}, 

where yLt*(X) = sup{/x(i?) \ X D B is a Borel subset of /SX} and ft*{X) = inf{^(B) \ X d B is a. Borel 
subset of /3X}, which are, correspondingly, the upper and the lower /i-measures of the set X in j3X (as a 
tribute to historical tradition, we use the notation P{X) and Pr{X), not P*(X) and P*(X), which seem to 
be more natural). Evidently, 

PfiiX) C P{X) C Pr{X) C P{fiX) 
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for any Tychonoff space X, and Pp{X) — P{X) = Pt(X) = P(/3X), if the space X is compact. 

The measures befonging to the spaces P{X) and Pt{X) can be equivalently described both in terms of 
countably additive measures on the space X and in terms of linear functionals on the Banach space Ch{X) 
of bounded continuous real-valued functions on X. Before providing exact formulations, let us recall some 
definitions. 

A countably additive finite measure fi, defined on the cr-algebra B{X) of Borel subsets of a topological 
space X, is called 

(i) a probability measure, if ^{X) = 1; 

(ii) a regular measure, if ^{A) = sup{/i(Z) \ Ad Z is a closed subset of X} for every Borel subset A c X; 

(iii) Radon, if ij.{A) = su.p{iJ.{K) \ A D K is a compact subset of X} for every Borel subset A c X (in [4] 
Radon measures are called dense measures); 

(iv) T-smooth, if for any monotonically decreasing net {Za} of closed subsets of X with empty intersection 

Za, the net {fi{Za)} of real numbers converges to zero (see [4]). 

Further in this text, by measure on a topological space we shall understand a finitely additive Borel 
measure. One easily notices that every Radon measure on a Hausdorff space is regular and r-smooth. 
Moreover, a regular measure /U on a Hausdorff space X is a Radon measure if and only if 

/Li(X) = sup{/Lt(i4r) I if is a compact subset of X}. 

Let X be a Tychonoff space. For every measure /i £ Pt{X) we will define a measure /i on X by the 
formula tl{A) = IJ,*{A) = inf{/u(i?) | ^ C B is a Borel subset of (iX), where A is a Borel subset of X. 
It is known [5], or [2, 1.11] (see also Remark 1.2) that the measure jl, defined in this way, is r-smooth 
on X. Conversely, every probabiUty r-smooth measure jl on X determines a measure /i G Pr{X) by the 
formula ijl{A) = jl{A n X), where A e B{(3X). Under this condition Radon measures (and only them) 
become measures on j3X, which belong to the set P{X). Therefore, we will call measures from P{X) Radon 
measures, and the measures from Pt{X) T-smooth measures. 

By Cb{X) we denote the Banach space of all bounded continuous real-valued functions on X, endowed 
with the norm ||/|| = sup{|/(a;)| : x G X}, / G Ch{X). Not getting into the definition of the integral, let 
us note that every regular probability measure /i on X uniquely determines the integral J^, a non-negative 

linear functional on C(,(X) of norm 1 (the value of integral /^^ on the function / will be denoted by /, or 
simply y^(/) ). Under such identification we get the following equivalences (see [4]), 

(i) the measure n is r-dense if and only if /Lt(/a) — >■ for any monotonically decreasing net {fa} C Cb{X) 
that pointwise converges to zero; 

(ii) the measure /U is Radon if and only ii ij,{fa) — >■ for any net of uniformly bounded sequence of functions 
{fa} C Cb{X) that converges to zero uniformly on compacta. 

Similarly, a measure G P{j3X) belongs to the set Pt{X) if and only if /u(/a) — >■ for every monotonically 

decreasing net {fa} C C{(iX) converging to zero pointwise on the set X C PX. 

Let us show that the constructions of the spaces Pt{X) and P{X) are functorial in the category Tych. 
Since P{X) c -Pt(X) c P{j3X) for any Tychonoff space X and Pop: Tych Camp is a functor on the 
category Tych of Tychonoff spaces [2], in order to see that the constructions P and Pr are functorial, it 
is sufficient to show that for any continuous map / : X — >■ F of Tychonoff spaces P{(3f){PT{X)) C Pt{Y) 
and P(/3/)(P(X)) c P{Y), where l3f : I3X ^ is the Stone-Cech compactification of the map / (see [6, 
3.66]). U fi e Pt{X), then ^.*{X) = 1, and, consequently, /i(B) = 1 for any Borel set B, X C S C PX. 
Then for any Borel set B' , Y C B' C PY, P{Pf){ii){B') = ii{{Pf)-^{B')) = 1, since {Pf)-^{B') is a Borel 
subset of PX, which contains X. This implies that P{Pf){lj) G Pr{Y), i.e. P{pf){Pr{X)) c Pr{Y). 

If /i G P{X), then for any e > there exists a compact K C X, such that fJ.{K) > 1 — e. Then f{K) C Y 
is a compact in Y such that P[Pf){ii){f{K)) = i^{{Pf)-^{fiK))) > ii{K) > I - e. Therefore, the measure 
P{Pf){ii) belongs to the set P{Y), i.e. P{pf){P{X)) c P{Y). Let us define P^(/) = P{pf)\Pr{X) : 
Pr{X) Pr{Y) and P{f) = P{pf)\P{X) : P(X) ^- P{Y). Thus, we have proved the following 

Theorem 0.1. The constructions Pr u P are covariant functors in the category Tych of Tychonoff spaces 
and their continuous maps, which extend the functor P : Comp — >■ Comp. 
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Let us note that we might as well have defined the functors : Tych — >■ Tych and P : Tych Tych 
from inside, without using Stone-Cech compactifications. In particular, for the Tychonoff space X the space 
Pt{X) consists of regular probability r-smooth measures on X, and the topology on Pt{X) is induced by a 
subbase consisting of sets of the form {/x G Pt{X) : \n{ip) — Mo(</')| < 1}) where fio G Pt{X) and (p G Cb{X). 
If / : X — )• y is a continuous map of Tychonoff spaces, then the map Pt(/) : Pt{X) — >■ Pt{Y) is defined 
by the formula Pr{f){ii){A) = iJ,{f'^{A)), where ^ e Pt{X) and ^ is a Borel subset of Y. Then P{X) is a 
subspace of Pr{X), consisting of Radon probability measures, and P{f) is the restriction of the map Pr(/) 
to the set P{X). Using the roundabout way (using Stone-Cech compactifications) we got rid of the necessity 
of checking that the constructions and P, defined is such way, arc functors in the category Tych indeed. 

Before moving on to the presentation of concrete results, let us note that in a number of spaces, for 
example, spaces X which are Borel sets in their Stone-Cech compactification, every r-smooth measure is 
Radon. In this case the spaces Pt{X) and P{X) coincide. More generally, this holds for the so called 
universally measurable spaces, that is, spaces X which are measurable in some compactification jX with 
respect to any measure /x G P{'-fX). Besides absolute Borel spaces, analytic and coanalytic spaces are also 
absolutely measurable [7, 2.2.12]. 

1 Categorial properties of the functor Pr 

In this section we shall investigate categorial properties of the functor P^, and also some general topo- 
logical properties of the spaces Pr{X). 

Let us start with the following simple remark. 

Lemma 1.1. Let X be a Tychonoff space. If n & Pr{X), then n{A) = n{B) for any two Borel subsets 
A,B c PX such that AnX = B nX. 

Proof Let A,B c pX be Borel sets with AnX = BnX. Then 

HA) - = \^liA n P) + ,i{A \ B) - ^x{A n B) - ^x{B \ A)\ = 

= HA \B)-i^{B\A)\< f,{A \ B) + m(P \ A) = /.((A \ P) U (P \ A)). 

Since AnX = PnX, we have that AAP = {A\B)\J(B\A) C 13X\X. If /i G Pr(X), then ii^{l3X\X) = 0, 
which implies that ijl{A/\B) = iJ,^{AAB) < iJ^{l3X\X) = 0, which means that |/x(A)-/i(P)| < /z(AAP) = 0, 
i.e. fJ.{A) = n{B). Thus, the lemma is proved. □ 

Remark 1.2. Lemma 1.1 implies the following fact, which has already been mentioned in the introduction: 

every measure ji G Pt{X) induces a probability measure /i on X, according to the formula jl{A) — IJl{B), 
where P is any Borel subset j3X such that Br\X = A, and A is a Borel subset of X. Under these conditions, 
the measure jl is r-smooth. Indeed, for every monotonically decreasing net {Za} of non-empty closed 
subsets of X with empty intersection, the net {Za} consisting of their closures in j3X also monotonically 
decreases. Then, as {Za} is a centered family of closed subsets of the compact j3X, it has a non-empty 
intersection Z = f]^Za [6, 3.1.1]. Since Z nX = {DaZa) CiX = DaiZa n X) = HaZa = 0, we have that 
Z C PX \ X. Keeping in mind that /i G Pr{X), we get that ij,{Z) = 0. The regularity of the measure 
H implies that for any £ > there exists an open set U, Z C U C /3X such that /x(C/) < e. [6, 3.1.5] 
implies that since (laZa = Z c U, Za^ C U for some ao- Consequently, n{Zao) < fJ-{U) < s, and, therefore, 
fl{Zao) = fJ'{Zaa) < £• Sincc the net {Za} monotonically decreases, fliZfs) < fl{Za„) < s for all /3 > a^. But 
this means that the real- valued net {fl{Za)} converges to zero, thus, the measure fl on X is r-smooth. 

Let us recall that a map f : X Y between topological spaces is called perfect, if it is closed and the 
preimage f~^{y) of every point y G F is compact. 

Theorem 1.3. The functor Pr : Tych — >■ Tych preserves the class of perfect maps. 

Proof. Let / : X — > y be a perfect map of Tychonoff spaces. Then the extension /?/ : PX — ^ PY of the 

map / (called the Stone-Cech compactification of the map /) has the following property: pf{pX \ X) C 
PY \ Y [6, 3.7.15]. Let us consider the map P{Pf) : p(pX) P{PY). We are going to prove that 
P{Pf){P{pX) \ Pr{X)) c P{pY) \ Pr{Y). Indeed, let /x G P{PX) \ Pr{X), i.e. ^J*{X) < 1. This implies 
that there exists a compact K C PX \ X such that /i(-R') > 0. Then Pf{K) C PY \ y is a compact 
subset with P{Pf){n){Pf{K)) = fi{{Pf)-^{Pf{K))) > fi{K) > 0. Consequently, P{Pf){fi)* (Y) < 1, i.e. 
P(/3/)(/x) i Pr{Y). Thus, P{Pf){P{pX) \ Pr{X)) C PipY) \ Pr{Y). Since P(/3/) : P{pX) ^ P{PY) is a 
map between compacta, the lasts inclusion implies that the map Pr(/) = P{Pf)\PT{X) : Pt{X) — >■ Pr(y) is 
perfect. The theorem is proved. □ 
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Theorem 1.4. The functor : Tych — > Tych preserves the class of emheddings. 

Proof. Let f : X he & topological embedding of Tychonoff spaces and (if : f3X (3Y be its Stone-Cech 
compactification. One can easily see that l3f{l3X \X) C l3Y\ f{X). Let A = {/x G P{(3Y) \ n*{f{X)) = 1}. 
Similarly to the proof of Theorem 1.3, it can be shown that P{l3f)(P{(3X)\Pr{X)) C P{pY)\A. Obviously, 
P{l3f){Pr{X)) C A. Thus, the map Pr{f) = P(/3/)|P^(X) : P^{X) ^ A is proper. Let us show that it is 
also injective, which will imply that Prif) ■ Pt{X) — > Pt{Y) is an embedding. 

Let 1^1, rj ^ Pt{X) be two distinct measures. The there exists a closed set Z C jiX such that ^{Z) ^ rj^Z). 
We state that P^(/)(/^)(/3/(Z)) ^ P^{f){r]){Pf{Z)), which will imply that the measures P.r{f){p), PADin) G 
Pr{Y) are distinct. Indeed, letting Z' = {(i f)''^ {(3 f {Z)) , let us observe that, by the definition, Pr{f){ii){l3f{Z)) = 
li{Z') and Pr{f){ri){Pf{Z)) = rj{Z'). Since / is an embedding, Z'nX = ZnX. Then by Lemma LI 

Pr{f){f^)WfiZ)) = fx{Z') = ti{Z) ^ rj{Z) = rj{Z') = PAfMmZ)), 

i.e. the measures Pr{f){^J,), PT{f){v) G Pr{Y) are distinct. The theorem is proved. □ 

Theorems 1.3, 1.4 immediately imply 

Corollary 1.5. The functor P^ : Tych — > Tych preserves the class of closed emheddings. 

Since the functor Pr preserves emheddings, for a pair X C F of Tychonoff spaces we will treat the 
space Pt{X) as a subset {/x G PriX) \ IJ'*{X) = 1} of PriY)- Let us note that when we do this, the set 
P{X) C Pt{X) consisting of Radon probability measures on X becomes the subset {/i G PriY) \ IJ-*{X) = 
1} C Pr{Y). It is also worthy of note that Theorem 1.4 implies that the construction of the space Pt{X) 
in fact does not depend on the compactification of X, i.e. for any compactification ^X of the X the space 
{/i G P{jX) I fJ.*{X) = 1} is naturally homeomorphic to Pt-{X). As we will see in §2, the image of the set 
under this homeomorphism {/x G P{^X) \ /LI*(X) = 1} is the space P{X) of Radon probability measures on 
X. 

Let us recall that the support of a measure /i G P(X) on a compact space X is the set supp(/i) = n{F | F, 
a closed subset of X such that n{F) = 1}. Under this condition /z(supp(/x)) — 1, i.e. the support of the 
measure /j. is the smallest closed set of /x-measure one. If X is a Tychonoff space, then by the support of a 
r-smooth probability measure /j, G Pt{X) on X we will sometimes understand the set supp(/i) n X. 

The functor Pr preserves neither injective nor surjective maps. To see that Pr does not preserve injective 
maps, choose any non-measurable subset Z G Y in the closed interval Y = [0, 1] with lower and upper 
Lebesgue measures X^,{Z) = and \*{Z) = 1. Next, consider the subspace X = Z x {0} U ([0, 1]\Z) x {1} 
of the plane R^, and let / : X — s- F, / : (z, t) M> z, be the projection onto the first coordinate. It is clear that 
the map / is bijective and continuous. It can be shown (see [20, Example 3]) that the Lebesgue measure 
A G P{Y) = Pt{Y) has two preimages under the map Prif) '■ Pt{X) — >■ PriY), which means that the map 
Prif) is not injective and hence Pr does not preserve injective maps-'^. 

To see that the functor Pr does not preserve surjective maps, consider the bijective map / : D — t- [0, 1] 
of a discrete space D onto the interval [0, 1]. Then the standard Lebesque measure on [0, 1] does not have 
a preimage under the map Pr{f) '■ Pt{D) P[0, 1]- This is due to the fact that the set D, being open in 
its Stone-Cech compactification, is measurable with respect to any measure ji G P{(3D). Consequently, any 
r-smooth measure on D is Radon and, since the space D is discrete, it is also atomic (on atomic measures 
see [8, §2]). But the image of an atomic measure under the map Prif) is also an atomic measure, and, 
consequently, it is not equal to the Lebesque measure on [0, 1]. 

Nonetheless, the functor Pr preserves one of the properties of maps, which in the case of compactness 
implies its surjectivity. 

Proposition 1.6. Let f : X ^ Y be a map with dense image f{X) in Y . Then the image Pr{f){PT{X)) is 
dense in Pr{Y). 

Proof. One can easily see that Pr{f){Pr{X)) contains the set 

P„(/(X)) = {/xGy : |supp(m)| <oo 

and supp(/i) C f{X)}, which is dense in P(^F) D Pr{Y). □ 

Theorem 1.7. The functor Pr preserves preimages, i.e. for any map f : X —^Y between Tychonoff spaces 
and any .subset AcY we have that Pr{f)~^{Pr{A)) = Pr{f~^{A)). 



This example was added at the translation. 
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Proof. The inclusion P^(/-i (A)) c is trivial. Let us show that P^(/)-1(Pt-(^)) C Pr{f-\A)). 

This can be derived from the inclusion 

PAf){PriX)\Pr{f-\A))) C Pr{Y)\Pr{A). 

Let fi e P-r{X)\Pr{f~'^ (A)), i.e. fi*{f-'^{A)) < 1. This means that there exists a compact if C A)), 
such that ii{K) > 0. Then f{K) is a compact subset of y\ A such that Pr{f){ii){f{K)) = n{f-\f{K))) > 
IJ-{K) > 0, i.e. Pr{f){n){A) < 1, and, as a consequence, Pr{f){n) ^ Pt{A). The theorem is proved. □ 

An embedding-preserving functor F : Tych Tych is said to preserve (closed) intersections, if for any 
Tychonoff space X and a family {Xa}aeA of its (closed) subsets we get PCDagA -^a) = CiaeA^ -^a- 

Remark 1.8. Unlike the functor P, which preserves countable intersections (see Theorem 2.15), the functor 
Pj- does not preserve even finite intersections. This can be seen from the following example: let X C [0, 1] 
be a subset of the interval such that X*{X) = 1 and A*(X) = 0, where A is a the standard Lebesque measure 
on [0, 1]. Then A*([0, 1] \X) = 1. Consequently, A G Pr{X)nPr{[0, 1]\X). However, P^(Xn ([0, 1] \X)) = 
P^(0) = 0. 

Yet, we have the following 

Proposition 1.9. Let X be a Tychonoff space and A,BcX - its two subsets, one of which is Borel. Then 

PriAnB) = P.r{A)nPr{B). 

Proof. Without loss of generality we can assume that B C X is Borel. Let B C f3X be a Borel subset of 
I3X such that BnX = B. Apparently, Pr{A n B) c Pr{A) n Pr{B) c Pr{A) n Pr{B). We will show_that 
the inverse inclusion also holds. Lot us fix a measure /i G Pt{A) fl Pt{B) and note that ACi B = AD B. To 
show that fj, € PriAn B) it is sufficient to show that /i*(A n B) = 1. Let K C /3X be an arbitrary compact 
subset such that K c PX \{An B) = (jSX \A)U {/3X \ B). Our aim is to prove that n{K) = 0. Let us 
present the compact K d,& & union K = Ki U if 2 of two Borel sets Ki = K\B and if 2 = K D B. Since 
II e Pt{B), li{Ki) = 0. Then, let us note that if2 C PX \A. As /i e Pt{A) and if2 is a Borel set such that 
if2 n A = 0, /Lt(if2) = 0. Therefore, /x(if ) = n{Kx) + ii{K2) = 0. Thus, n e Pr{A n B), which means that 
Pr{A n S) = Pr{A) n Pr{B). The claim is proved. □ 

Theorem 1.10. The functor P^ : Tych Tych preserves intersections of closed subsets, i.e. for any 
Tychonoff space X and closed subsets X^ <Z X , a & A, we get 

Pri fl X„) = fl Pr{X„). 

aeA aeA 

Proof. The inclusion PriClaeA-^a) ClaeA ^r{Xa) is obvious. Let fi G f]^i^j^ Pr{Xa). In order to prove 
that fj, g PririaeAXa), wc need to show that fi* {Ha^AXa) = 1, or, equivalently, that for every Borel set 
B C f3X, f]afzAXa C B, we have that /x(P) = 1. Let Xa be the closure of the set Xa in (3X. As the 
set Xa is closed in X, Xa X ~ Xa. Since /i £ Pr{Xa) for every a, ii{Xa) = /^*(-?q) = 1- Therefore, 
supp(/z) C C\aeA-^oi- Since /x(supp(/x)) = 1, we have that iiiCiaeAXa) = 1. Since the set HaeA"^" C j3X 
is closed and (naeA^a)nX = flaeAC^a Q.^) = HaeA^a. for every Borel set B, flaeA^a C B c ^X, 
according to Lemma 1.1, n{B) > fi{naeAXa) = 1- Hence fi*{naeAXa) = 1, i.e. £ Pr{riaeAXa)- The 
theorem is proved. □ 

Now let us consider the question of continuity of the functor P^- Let A be a directed partially ordered 
set (a partially ordered set is directed if for any a,j3 £ A there exists a 7 € A, such that 7 > a h 7 > ^ ). 

Let {Xa^Pa} be an inverse system indexed be the set A and consisting of Tychonoff spaces. By lim Xg 
we will denote the limit of this system, and by Pa '■ ^mXg — Xa, a €z A, its bonding mappings (limit 
projections). The inverse system {Xa,Pa} induces an inverse limit {Pi-(Xq), Pt-(p^)}, whose limit will 
be denoted by ]^Pr{Xa), and limit projections by pr^ : ]^Pr{Xa) — >■ Pr{Xa). The map PriPa) '■ 
Pr(hm ATa) — )• Pr(AQ,) induces a map R : Pr(^imXo,) ^mPr(Ao,). 

ftis well-known that if all X^ are compact, then the map ii is a homeomorphism. This implies from the 
continuity of the functor P in the category of compacta [9, VH.3.11]. 

Theorem 1.11. The map R : Pr( l^im Aq.) — > ^m P^ (Xa ) is an embedding. If the bonding mappings (limit 
projections) pa ■ ^A^ — > X^ are dense (i.e. PaQ^Xa) is dense in Xa), then the image R{Pr(l^niXa)) 
is dense in ^imPr(AQ,). 
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Proof. Let us consider the Stone-Cech compactification {fiXa, f}{p^)} of the system {Xa,Pa} and note that 
^mX„ can be embedded in ^m/JX^. Moreover, if the bonding mappings pa ■ ^mX^ X„ are dense, then 
the image of the space ^mX„ is dense in ^m^Xc,. By the continuity of the functor P : Comp — )• Comp, 
the corresponding map R : PQ^ /3Xa) — >■ ]^P{f3Xa) is a homeomorphism. Applying the fact that the 
functor Pr preserves embeddings, we get that the map R : PrQ^Xa) — > ^inP^(XQ,) can be embedded in 
the homeomorphism R and is, therefore, an embedding. Furthermore, since the functor Pt preserves maps 
with dense images, given that the bonding mappings pa are dense, the image of the space PrQ^Xa) under 
the embedding R is dense in ^imPT-(XQ). The theorem is proved. □ 

Now we are going to consider the property of preserving homotopies, which, in the compact case, is 
closely linked to the continuity of functors [10]. 

For TychonofF spaces X and Y let us define a map jxY '■ Pt{X) x Y ^ Pr{X x Y) determined by the 
formula jxvii^, y) = PT{iy){lj), M € Pr(X), y € F, where : X — ^ X x F is an embedding of X in X x y 
as a fiber: iy{x) — x S X. 

Proposition 1.12. The map jxY ■ Pt{X) x Y ^ Pt{X x Y) is a closed embedding. 

Proof. Let X, Y be Tychonoff spaces and PX h 13Y be their Stone-Cech compactifications. According to [9, 
VII.5.11 and VII.5.18], the map j0x,0Y ■ P{I3X) x pY ^ P(/3 x ^Y) is an embedding of compacta. Now 
the claim follows from the obvious equality 

jpxMPr{X) xY)= j0xMPm X pY) nPriXxY). 

□ 

Corollary 1.13. The functor Pt preserves homotopies, i.e. for any homotopy Ht : X ^ Y the homotopy 
Pr{Ht) : Pr{X) Pr{Y) is continuous as a map Pt{H(.)) : Pt{X) x [0, 1] Pt(F). 

Proof. Let : X x [0, 1] ^ F be a homotopy. Then the map Pr{H(.-^) : Pt{X) x [0, 1] -> Pt{Y) is continuous 
as a composition Pr(i7(.)) = PT{H)ojx [o i] of continuous maps jx [o i] '■ Pr{X) x [Oj 1] ~^ Pri^ x [0, 1]) and 
P,(iJ):P,(Xx[0,l])-^P,(y). ' ' ' ' □ 

Let us recall the definition of a natural transformation of functors. Let Fi : C C, i = 1,2 be two 
covariant functors from a category C = {0,M.) to a category C = (C,7W). A family $ = {(fx ■ Fi{X) 
F2{X), X G O} C A4' of morphisms is called a natural transformation of the functor Fi to the functor F2, 
if for any morphism / : X — >^ F in the category C the following diagram is commutative: 

Fi(X) 

Flif) 

Fi{Y) 

For every Tychonoff space X let us define a map Sx ■ X ^ Pr{X) which assigns to each point x G X 
the Dirac measure Sx{x) concentrated at the point x. 

Theorem 1.14. The family 6 — {Sx} defines a natural transformation of the identity functor Id : Tych — >■ 
Tych to the functor Pt : Tych Tych, and, moreover, every component 6x ■ X ^ Pt{X) is a closed 
embedding. 

Proof. One can easily check that 5 = {Sx} is a natural transformation of the functor Id to the functor Pr- 
The fact that every map Sx '■ X ^ Pt-(X) is a closed embedding implies from [4, II, §3]. □ 

Theorem 1.15. The functor Pt preserves the density of Tychonoff spaces, i.e. d{PT{X)) = d(X) for any 
infinite Tychonoff space X . 

Proof. Let A c X be a dense subset of cardinality d{X) of an infinite Tychonoff space X. Then the set 
B = {X]r=i ''"i^i^i) \ n and for every 1 < z < n r, is rational and Xt G A} is dense in Pt-(X). Moreover, 
it is clear that the cardinality of the set B is equal to d{X). □ 

Theorem 1.16. The functor Pt preserves the weight of Tychonoff spaces, i.e. w{Pt{X)) = w{X) for any 
infinite Tychonoff space X . 



F2{X) 

[f.U) 
F2(Y). 
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Proof. Let X be an infinite Tychonoff space. According to [6, 3.5.2], there exists a compactification cX of 
the space X such that w{cX) = w{X). By Theorem 1.4, the space Pt{X) can be embedded in the compact 
space Pr{cX) = P{cX). Since the functor P preserves weight [9, VII.3.9], w{P{cX)) = w{cX) = w{X). 
Consequently, w{Pr{X)) < w{X), and, since X can be embedded in Pt{X), w{X) < w{Pt{X)). That is, 
'w{Pr{X)) = w{X). The theorem is proved. □ 

The following theorem follows from [4, II. §4] implies 

Theorem 1.17. The functor Pt preserve the class of metrizable spaces. 

Let us recall that a p-paracompact space is a preimage of a metrizable space under a perfect map [11]. 
Theorems 1.3 and 1.7 imply 

Theorem 1.18. The functor Pt preserves the class of p-paracompact space. 

Let X be a topological space. For every countable ordinal number a. wc will define families Ta{X) h 
Ga{X) of Borel sets in the following way: the family J-'o{X) (family Qo{X)) consists of all closed (open) 
subsets of the space X, the family Jq(X) (the family Ga{X)) consists of all countable unions (countable 
intersections) of sets from U{<q -^c(^) (from U5<c( ^?(^) ) '^'^^ ordinals a and all countable intersections 
(countable unions) of the sets from [J^^a-^ii-^) (from [J^^a^ii-^) ) even ordinals. It is obvious that 
for any A e 7"j(X) ( A e G^iX) ) we have that X\Ae g^{X) (X \ A e 7"^(X) ). 

For a topological space X by Bq{X) we denote the a-algebra of all Baire subsets of X, i.e. the smallest 
(7-algebra containing all functionally closed subsets of X. Baire subsets can be classified in the following 
way: A4q{X) ( Ao{X) ) is the class of all functionally closed (functionally open) subsets of the space X. 
For every countable ordinal a, A4a{X) ( Aa{X) ) is the family of subsets of X, which can be presented as 
countable intersections (unions) of sets from [j^^a'^i^-^) (from U{<a-^4("^) )• 

For a Borel subset A of a Tychonoff space X let us define a function xa ■ Pt{X) [0, 1] with the help 
of the formula xa(m) = M*(^)- 

Lemma 1.19. Let X he a Tychonoff space, A he a subset of X, a he an even ordinal, ^ he any ordinal, and 

a G M. Then 

1. If A e M^{X), then x^^([a,oo)) = {/x € Pr{X) \ ii*{A) >a}& M^{Pr{X)). 

2. If A G J^^{X), then x^\[a,oo)) = {/x e P.(X) | fi*{A) > a} G J^a{Pr{X)). 

3. If A G Ai{X), then xl\{a,oo)) = {/i G Pr{X) \ n*{A) > a} G A^{Pr{X)). 

I If A G QaiX), then x^i((a,oo)) = {/z G Pr{X) \ m*(A) > a} G QaiPriX)). 

Proof. First, let us prove Statement (3) of this lemma. Let J7 be a functionally open subset of X and U he a 
functionally open subset of PX such that UHX = U. It is easy to construct a sequence {/„ : f3X [0, l]}5^i 
of continuous functions converging to the characteristic function X(j '■ PX — > [0, 1] pointwise, such that 
fnlPX \U = 0, /-^({l}) C /-^i({l}), n e N, and [JZi fn'm) = U. By 1.1, ^*{U) = f,{U) for any 
H G Pr{X). Consequently, 

X^i((a,oo)) = {/X G PAX) I fi*{U) >a} = 

oo 

= G Pr{X) 1 m(C/) > a} = U {m G Pr{X) I /.(/„) > a} 

n=l 

is a functionally open set in Pt{X). 

If Z is a functionally closed subset of X, then the set X \ Z is functionally open. Choose a functionally 
open subset U of (3X such that U H X = X \ Z, and observe that the set {/U G Pt{X) \ n{U) > 1 — a} is 
functionally open in Pt{X). Then 

Xz([a,(X))) = {/i e Pr{X) I /i*(Z) >a} = 

= {H& Pr{X) I n{l3X \U)>a} = {nG Pr{X) \ n{U) < 1 - a}' 

being the complement to a functionally open set {/i G Pt{X) \ IJ-iU) > 1 — a}, is functionally closed in 

Pr{X). 
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Let us now show that for any closed set F d X , the set Xp 

{[a,oo)) = {/x e Pr{X) I fi*{F) > a} is closed 
in Pr{X). Let F be the closure of the set F in jSX. Then (see [4]) the set {/z € PriPX) \ ii{F) > a} is closed 
in P{pX). By Lemma 1.1, fJ,*{F) = fi{F) for each measure /i G -Pt(^)- Therefore, the set 

Pr{X) n {/i G P(/3X) I > a} = {m G P.(X) I Ai*(P) > a} = Xp'([a,oo)) 

is closed in Switching to complements, we prove that for any open set G in X the set XQ^{{a, oo)) = 

{ij, G -Pr(^) I A«*(G) > a} is open in Pr{X). 

Thus, for ^ = a = the lemma is proved. 

Now let ^ be an ordinal. Let us assume that for every a G M and A G M^'{X), where ^' < ^, it 
has been proved that XA^([a.oo)) ^ M^'iPr{X)). Let A G M^{X). Then A = nr=iUm=i^n> where 
A™ G U^,^^ A^j'(X). Without loss of generality, suppose that for every n G N, c c . . . and 
Um=i^r Um=i^2" =^ •••• One can easily observe that Xa\[0',oo)) = G P^(X) | > a} = 

nr=i Um=i{/^ e ^r(^) I > a - i}. By the induction hypothesis for every n,m G N {/z G Pr{X) \ 

> a - i} G M5'(P,(X)), where C' < ^ Therefore, X^Hhoo)) G A^5(P,(X)). 

In a similar fashion for any even ordinal a we can prove that A G Ta{X) implies x'2^{[a,oo)) G 

J'aiPriX)). 

If AeA^{X),then 

Pr{X) \ XA\{a, 00)) = {/X G P.(X) I ^x*{A) i {a, ^)} = G P^X) \ fi*{A) < a} = 
= {^l€ PAX) I \A)>l-a} = Xx^il^ - «, oo)). 

Since A G A^{X), X\Aci M^{X), and thus Xx\a([1 - 0°)) ^ ■^€(^V(^)) and Xa^(Koo)) = -Pr W \ 
X-i^^([l-a,oo))G^5(X). 

In a similar fashion we show that for any even ordinal a and A G Qa(X) we get Xa^(('*'Oo)) G QaiPriX)). 
The lemma is proved. □ 

Corollary 1.20. The functor Pt preserves Cech- complete spaces. 

Proof. Let X be a Cech-complete Tychonoff space. Then X = Un is a G^-set in j3X (here C/„ C PX, 

n G N, are open sets in (5X). Then 

oo 

Pr{X) = {/z G P(/3X) I /x(X) = 1} = U G P(/3X) I M(i7„) > 1 - -}. 

n=l 

By Lemma 1.18 the sets {ji G P{(3X) \ i^{U„) > I - -} are open in P{(3X), which means that Pt{X) is a 
G^-set in P{PX). By [6, 3.9.1], the space Pr(^) is Cech-complete. □ 

Corollary 1.21. If A is a Baire subset of a Tychonoff space X, then the function xa '■ Pt{X) — >• [0, 1] is 
measurable with respect to the a -algebra of Baire subsets of Pr{X). 

Theorem 1.22. The functor Pr preserves Baire subsets. Moreover, for any ordinal number ^, if A & 
M^{X), then Pt{A) G M£^{Pr{X)); for any even ordinal a, if A G then Pt{A) g Foc{Pt{X)). 

Let X be a metrizable compact space. By V{X) we denote the family of projective subsets of X, i.e. the 
smallest family containing the class B{X) of all Borel subsets of X and satisfying the following conditions: 

(1) For any continuous map f : A^ X oi the set A G 7'(X) the image f{A) belongs to the class ■p(X); 

(2) for any set A G V{X) its complement X\A belongs to the set 'P{X). 

The family V{X) can be presented as V{X) = IJJ^q P„(X), where Vo{X) = B{X) is the family of Borel sets 
of X; projective sets of the class V2n+i{X) are continuous images of sets from the class V2n{X); projective 
sets of the class P2n(X) are complements to projective sets of the class P2n-i(X). Given this, for any n > 
■P2n+i(X) C ■p2n+3(X) fl 'P2ra+4(X) [12, §38]. Projective sets from classes 'Pi{X) h ■P2(X) have specific 
names: they are called, respectively, analytic and coanalytic. 

Theorem 1.23. The functor P^ preserves projective subsets of metrizable compacta. Moreover, for any 
metrizable compact space X and any n>l, if A G V2n-i{X), then Pt{A) G P2n+2(P(X)). 
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Proof. Let X be a metrizable compact space. By exp(X) we denote the hyperspace of non-empty closed 
subsets of X endowed with the Vietoris topology [9]. Let us note that for any < a < 1 the set R{a) = 
{{lJ,,K) € PiX) X exp(X) I ^{K) > a} is closed in P{X) x exp(X). Indeed, let {ji, K) e P{X) x cxp(X) 
be a limit point of the set R{a). By the definition, iJi{K) = inf{/x(/) | / e C(X), / > 0, f\K = 1}. Let 
/ : X — >■ [0, 1] be any function with f\K = 1. Then for any e > the set 

{f-\l - |, 1]) = {B& exp(X) I B c f-\l - |, 1]} 

is open in exp(X). Since {/j,, K) is the limit point of the set i?(a), there exists a pair (rj^C) G R{a) such 
that |7?(/) - ^iif)\ < I and C C f-\l - f,l]. Then > vif) - ^ = f dv - ^ > Jc f dv - ^ > 

(1 — f )»7(C) — § > (1 — §)a — § > a — e. Since £ > is arbitrary, /^(/) > a, which implies that IJ,{K) > a 
and (/i, K) e R{a). 

Now let n > 1 and A e V^n-ii^)- Then 

\ P,(^) = {n& P{X) I < 1} = {/^ e P{X) I \ A) > 0} = 

OO OO 

= U {/i e I /i(ii') > ^ for some compact K(lX\A}= |J pri(G„), 

where 

Gm = e P{X) X exp(X) I c X\A, i^{K) > ^} = R{^) n {P{X) x exp(X\A)), 

and prj^ : P{X) x exp(X) P{X) is the projection onto the first factor. Since A g V2n-i{X) , then X \ ^ € 
V2n{X), and, according to [13], exp(X \A) e 7'2n(exp(X)). Consequently, P(X) \ Pr{A) e P2n+i(-P(X)) 
and -Pr(^) e V2n+2{P{X)). The theorem is proved. □ 

Remark 1.24. Theorem 1.22 implies that Pr{A) e Vq{P{X)) for any A e Tq{X). Moreover, Theorem 2.32 
implies that for any coanalytic subset A<z X Pt{A) e Vi{P{X)). This follows from the fact that coanalytic 
subsets of metric compacta are measurable with respect to any measure and, therefore, for a coanalytic set 

A C X the equality Pr{A) = P{A) holds. 

Let us now recall the notion of monad, introduced by S. Eilenbcrg and T. Moore [14]. 

Definition 1.25. A monad on a category C is a triple T = {T,6,tp) consisting of a covariant functor 
T : C ^ C and natural transformations 5 : Id (identity) and tp : T"^ ^ T (multiplication) which satisfy 
the following conditions: 

ip o TS — ip o ST — idx H ip o ipT ^ ip o Tip. 
A functor T that can be included in a triple T is called monadic in the category C. 

It is well-known [2] that the functor P is monadic in the category Camp of compacta. In fact, it can be 
included in the monad P = {P, S, tp), where 6 is the Dirac transformation, and the component ipx '■ P^{X) 
P{X) of multiplication ijj is determined by the formula i]jx{M){f) = M{Ff) for / € C{X), M G P^{X), 
where Ff : P(X) — >■ R is a continuous function such that P/(/u) = A*(/), M € P{X). 

Our aim is to show that the functor Pr : Tych — )• Tych can also be included in a monad. For this purpose, 
apparently, it is sufficient to show that for any TychonofF space X Sjjx{X) C Pt{X) and i/j^xiPri^)) C 
Pr{X), where Sjsx and ipisx are components of natural transformations included in the triple P = {P,d,ip) 
(here and further in the text the symbol P^ denotes the composition of functors PtoPt). The first inclusion 
50x{X) C Pt{X) follows from Theorem 1.14. In order to prove the second inclusion, let us assume that 
M e P^{X) c P^(/3X), i.e. M*{Pr{X)) = 1. Let {ipcc] C C(/3X) be a monotonically decreasing net of 
continuous functions on j5X converging to zero on the set X C PX pointwise. According to [4], ipfix{M) e 
Pt{X) provided we show that the real-valued net {■tJjpx{M){(pa)} converges to zero. Observe that {F^^ : 
P{p)X) — >■ R} is a monotonically decreasing net of continuous functions on P(/3X), converging to zero 
on the set Pt{X) C P{f3X) pointwise. Since M is a r-smooth measure on Pr{X), by [4] we have that, 
{M{F^J} -> 0. But ippxiM){(pa) = M{F^J for every a. Therefore, the net {ipf3xiM){(pa)} converges 
to zero" i.e. ip^xiPrW) C Pr{X). Let us choose 6x = Si3x\X : X Pt{X) and ipx = ipfsx\Pr{X) : 
P^{X) — > Pt{X). One can easily see that P,- = {Pr, 5, ip) is a monad on the category Tych. Thus, we have 
proved 

Theorem 1.26. The functor Pr : Tych Tych is a monad on the category Tych extending the monad 
P : Comp Camp. 
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Lemma 1.27. For any Tychonoff space X and its subset Y the equality '((^^{PriY)) = P^{Y) holds. 

Proof. The inclusion ipxiPrO^)) C PriY) follows from the fact that the functor Pr is a monad. Let us 
now prove the inverse inclusion. Let M G P'^{(3X) be a measure such that ^^jc (M) ^ Pr{Y). Then there 
exists a compact K c I3Y \ Y such that 'i()px{M){K) > 0. Consider a family of functions $ = {/ G 
C{PX) I < / < 1, f\K = 1}, equipped with a natural partial order <. The family $ is downward- 
directed, i.e. for any functions /, <? G ^ min(/, G and, if treated as a net, it converges to zero on 
the set Y pointwise. Then the net {Ff : P{j3X) — > K} monotonically decreases and converges to zero 
on the set P^{Y). If the measure M would belong to the set P^(F), the net {M(F/)}/g$ would converge 
to zero. But M{Ff) = iP)jx{M){f) > 'ipjjx{M){K) > 0. This contradiction shows that M ^ Pr{Y). Thus 
i^^\PAY))=PHY). □ 

Corollary 1.28. For every Tychonoff space X the component ipx ■ Pt{^) ~^ Pt{X) of multiplication is an 
open and perfect map. 

The proo/ follows from Lemma 1.27 and from the fact that ip^x ' P'^{/3X) — > P{(3X) is an open mapping of 
compacta [2, 7.8], or [15]. 

Let us recall that a map p : X —^Y between topological spaces is called soft for the class of metric spaces 
if for any metric space A, its closed subset B C A and maps g : A ^Y and f : B ^ X such that pog = g\B 
there exists a map F : A^ X such that F\B = f and po F = g. 

Theorem 1.29. For every metric space X the map ipx ■ Pr{^) ~^ Pt{X) is soft for the class of metric 
spaces. 

The proof follows from Corollary 1.28, metrizability of the space P^{X) (see Theorem 1.17), Michael's 
selection theorems [16, §1.4 and Ex. 1.4.2] and the fact that the preimage ip^^dj,) C Pr{^) of any measure 
^ € Pt{X) in a. convex compact in P^{X). 

We will say that the map p : E ^ B is homeomorphic to a trivial Q-fibration if there exists a home- 
omorphism f : E ^ B x Q such that pr^ of = p, where pr^ : B x Q ^ B is a. natural projection. Here 
Q = [—1,1]'^ stands for the Hilbert cube. 

Theorem 1.30. For a metrizable separable space X that contains more than one point, the map '^x\Pr{-^)\ 
5'^{X) : P^{X) \ S'^{X) Pt{X) \ 6{X) is homeomorphic to a trivial Q-fibration. 

Proof. Let cX he a. metric compactification of the space X {*}. In [15] it is proved that the map 
'ipx\P^{cX)\S^{cX) : P^{cX)\S^{cX) P{cX)\6{cX) is a trivial Q-fibration. Now the theorem follows 
from Lemma 1.27. □ 

2 CATEGORIAL properties of THE FUNCTOR P 

In this section we shall investigate categorial properties of the functor P : Tych — > Tych of Radon 

probability measures. 

As it was montionod in the introduction, there exist two equivalent approaches to defining the space 
P{X), where X is a Tychonoff space. The first is via embedding in compact spaces: P{X) = {/i G P{/3X) \ 
fi^{X) = 1} C P{j3X). In the second approach, P{X) is defined as the space of all Radon probability 
measures on X. Further in the text, depending on the situation, without any specific caveats we will use 
either the first or the second approach to the description of the space P{X). 

Theorem 2.1. The functor P preserves the class of injective maps. 

Proof. Let f : X ^ Y he an injective map and Hi,H2 G P{^)^ Mi 7^ M2- Then ^i{A) ^ H2{A) for some Borel 
set Ac X. Since the measures ^i, /X2 are Radon, there exists a compact K c A such that i-ii{K) ^ fi2{K). 
Then f{K) is a compact in Y and 

P(/)(Ml)(/(if)) = = Ml W ^ 1^2{K) = P(/)(M2)(/W), 

i.e. P(/)(ah) -P(/)(a*2). The theorem is proved. □ 



Theorem 2.2. The functor P preserves the class of perfect maps. 
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Proof. Let f : X Y he a. perfect map of Tychonoff spaces. Then the extension f3f : (3X — > I3Y of the map 
/ has the following property: /3/(/3X \X)c'l3Y\Y [6, 3.7.15]. We will show that P{(if)(P{fiX) \ P{X)) C 
P{I5Y) \ P{Y). Let ^ G P{liX) and P{l3f){fj,) G P{Y). Then for any e > there exists a compact 
K CY C I3Y such that P{Pf){p){K) > 1 - e. Since / is a proper map, {l3f)^^{K) = f~^{K) is a compact 
in X (see [6, 3.7.2]). Then P{l3f){fi){K) = ^{{(3 f)-^ {K)) = n{J-\K)) > 1 - e. Therefore, n £ P{X) 
and P{l3f){P{l3X) \ P{X)) C P{I3Y) \ P{Y). Since P{df) : Pi(3X) P{^Y) is a map between compacta, 
the last inclusion implies that the map P{f) = P{Pf)\P^{X) : P{X) — >• P{Y) is perfect. The theorem is 
proved. □ 

Corollary 2.3. The functor P preserves the class of closed embeddings. 

Since _P is a subfunctor of the functor P^, Theorem 1.4 implies 

Theorem 2.4. The functor P preserves the class of topological embeddings. 

Thus, the functor P preserves the class of injectivc maps and the class of (closed) embeddings. But in 
the case of surjective maps it is not so straightforward. 

We say that a map / : X — >■ F has the property of Borel selection if there exists a map s : F — > X (not 
necessarily continuous) such that f o s = idy, and for any open set U C X s~^{U) is a Borel subset of the 
space Y. 

The map f : X ^Y has local Borel selections, if for every open set U G X there exists a Borel selection 
s : F ->■ X of the map / such that s{f{U)) C U. 

Example 2.5. Let p : c ^ [0, 1] be a bijcctive map of a discrete space c onto an interval. Then the map 
P{p) ; P{c) -P([0, 1]) is not surjective (the Lebesque measure on [0,1] does not have a preimage). 

At the same time, the following is also true: 

Proposition 2.6. Let f : X ^ Y be a map between separable metric spaces that has a Borel selection. Then 

the map P{f) : P{X) — > P{Y) is surjective. 

Proof. Let s : Y X he a. Borel selection of the map /. For every measure /U G P{Y) let us choose r], 
a countably additive probability measure on X defined by the condition r]{A) = n{f{A n s(F))) for every 
Borel set Ac X. 

Let us show that rj is a. Radon measure. It is sufficient to show that for any £ > there exists a compact 
K c X such that t]{K) > 1 — e. Let us fix e > 0. Since the map s -.Y ^ X is Borel measurable, the Lusin 
theorem [7, 2.3.5] implies that there exists a closed subset C C Y such that fi(C) > 1 — e/2 and the map 
s\C : C ^ X is continuous. Since the measure /j. on Y is Radon, there exists such a compact K C C that 
IJ.{C\K) < |. Then s{K) c X is compact. Furthermore, r]{s{K)) = ij,{f{s{K) n s{Y)) = ii(f{s{K))) = 
^{K) > 1 — s. Thus the measure 7/ on X is Radon and P{f){ri) = fj,. The theorem is proved. □ 

Corollary 2.7. Let f : X -^Y be a bijective continuous mapping of a separable Borel space X onto a metric 
space Y. Then the map P{f) : PiX) P{Y) is bijective. 

Proof. The injectivity of the map P{f) follows from Theorem 2.1. The surjectivity of P{f) follows from 
Proposition 2.6, since the map f~^ lY^Xis Borel measurable [12, §39, IV]. □ 

The condition that a Borel selection should exist is crucial here. Indeed, let us consider 

Example 2.8. Let Z C [0, 1] be a subset of the interval with inner Lebesque measure X^,(Z) = and outer 
measure X*{Z) = 1. Let X = Z x {0} U ([0, 1] \ Z) x {1} h / : X [0, 1] be a projection onto the first factor. 
Then the Lebesque measure A on [0, 1] does not have a preimage under the map P{f) : P{X) — > P([0, 1]). 

At the same time, the functor P preserves a feature of maps which implies surjectivity in the compact 
case. 

Proposition 2.9. Let f : X ^ Y be a map such that the image f{X) is dense in Y. Then the image 

P(/)(P(X)) IS dense m P{Y). 

The proof is similar to the proof of Proposition 1.6. 

Proposition 2.10. Let f : X ^ Y be an open map between separable metric spaces that has local Borel 

selections. Then the map P{f) : P{X) — >■ P{Y) is surjective and open. 
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Proof. By Proposition 2.6, the map P{f) is surjective. Let us now show that it is open. According to [4, II, 
§1], the system of sets Af*{fio, Ui, . . . , ?7„, = {/i G P{X) \ n{Ui) — fio{Ui) > — e, 1 < « < n}, where e > 0, 
^0 G P{X) and Ui, . . . , C/„ are open sets in X, forms a base for the topology on P{X). Let us fix a base set 
A/'*(/xo, C/i, . . . , C/„, e) and show that its image P{f){J\f* {no, U\, . . . , C/„, e)) is a neighborhood of the measure 
% = -P(/)(a*o) G ^'(^)- To achieve this, we will first find a base neighborhood jV*(/xo, Vi, . . . , V^m, £') C 
M*{no, Ui, . . . , Un, s) such that Vi, 1 < i < m, are pairwise disjoint open subsets of X. 

By n we will denote the n-element set {1, . . . , n}. We will equip the set exp(n) of all non-empty subsets 
of n with a linear order such that for any A,Bcn,iiADB, then A < B (see [17, §2.4, Theorem 
4]). Let us note that |exp(n)| < 2". Fix e' = e/2"+^ For every A C n we choose Ua = Cli^A^i- 
By induction, for every A C n find an open set Fa C X such that Va C Ua\ [Jb<a and /xo(Va) > 
f^o{UA \ [Jb<a ^b) — s'- One can easily see that for any A c n /xo(Va \ Va) < s' and, therefore, /zo(C/a) < 
f^olvA) + J2b<a + e' < Y.B<A Mo(Fb) + 2"e'. Also, it is obvious that Va n = for any A^ B. 

We claim that J\f*{fio,{VA : A C n},e') C J\f*{fia,Ui, . .^,U.a,e). Indeed, if ^ e 7V*(a<o,{Va : A C n},e'), 
then = m(Va) + \ U^g. Va) > Ea^^ KVa) > Ea9^(mo(Va) - e') > Eas^ Mo(Fa) - 2"^' > 

Ho{Ui) - 2"+ie' = /xo(;7») - e, 1 < i < n. That is, /x S A/"* (^io, C^i, e). 

Let us present the set Af*{no,{VA '■ ^ C n},£') as A/'*(^oj Vi, . . . , V^, e'), where m = |exp(n)|. By 
m we will denote the m-element set {!,..., m}. Let us equip the set exp(m) with a linear order such 
that for any A, B C m, if A D B, then A < B. For every A C m fix = flieA /(^i)- Since / is an 
open map, the sets C Y are open. Fix S = £'/2™+^. By induction, for every A C m find an open 
set Wa C Y such that Wa C W^ \ [Jbka^b and ??o(VKa) > ??o(Wa \ Ub<a^b) ^ O^i^ can easily 
observe that for any distinct A, B C m the sets Wa h Wb are disjoint. Furthermore, for any A C m, 
'?o((W^A\Ui3<A^B)\^A) <<5. We claimthat A/'nryclVFA : A c in},6) C P{f)Af*{iJo,Vi,...,Vm,e')). 
Indeed, let ij e A/'*(?7o, {VFa : ^ C m.},S). For every A C m and every i G A, fix a Borel selection 
: Y X the map / such that SA,i{WA) C F. Let af, i e A be non-negative numbers such that 
for any vl C m we get J2ieA '^f — ^ ^^'^ ocfvo{WA) > iJ-oif~^{WA) H Vi)). Fix an arbitrary Borel selection 
sq : Y ^ X of the map /. Let be a measure on X such that for any Borel set C C X 

l^{C) = ii{fiso{Y\ U WA))nC)+ ^ Y.aMf{sAAWA)nC)). 

ACm ACmieA 

Similarly to the proof of Proposition 2.6, it can be shown that /U is a Radon probability on A, i.e. /i £ P(X), 
and P(/)(Ai) = rj- We will show that /z G Ar*(/xo, Fi, . . . , F™, e')- Indeed, ai(F) > Eab* a»^^(/(sA,*(W^A) n 

V)) = Y.A^^OcU{WA) > EA^^C^fiV0{WA)-S) > E A^^ ^fVoiWA) -2"^ 6 > E A9i /^O (/"^ (1^^)01/. ) -2'"<5 = 

Mo(/-^(Ua3^ Wa) n F) - 2™5 = Mo(/-^(UA3i n) n Vi) - Mo(/-^(UA3i n \ UA3i W^a)) - 2'"(5 = mo(F,) - 
2"* (5 — 77o(UA3i ^A \ Uasi ^a)- What remains to be done is to assess the value ijoiiJABi ^a \ Uabi ^a)- 
By the definition of sets W^j^, Uab. ^ = W^. Then ??o(Ua9^ W^A \ l}A^^WA) = 7?o(I^/ \ Uab. ^a) = 
%(UA9i(n \ Ub<a Wi,) \ UA3i W^a) < EA3i \ Ub<a n) \ Wa) < 2^5. Finally, we get that 

l^{Vi)>f,oiVi)-2"^+^6 = iioiVi)-e'. □ 

Proposition 2.11. Let f : X ^ Y be a map between Tychonoff spaces, If P{f) : P{X) P{Y) is an open 
map, then the map f is also open. 

The proof literally repeats the proof of Proposition 4.1 [18]. 

Remark 2.12. Under the assumption of the continuum hypothesis ( Hi = c ), the condition of separability 
in Propositions 2.6, 2.10 can be omitted. This follows from [12, §31, X,8] and the fact that the support of 
any Radon measure is separable. 

Question 2.13. ^ Let / : A — > F be an open surjective map between separable Borel spaces. Will the map 

P{f) be open? 

In [8, §3] this question will be answered in the affirmative in the case when X is metrizable by a complete 

metric. 

Let A be a subset of a Tychonoff space A. Since the functor P preserves embeddings, we will threat the 
space P{A) as a subset of the space P{X). 

Theorem 2.14. The functor P preserves preimages. i.e. for any map f : X ^Y between Tychonoff spaces 
and any subset AcY we get P{f)-^{P(A)) = P{f-\A)). 



This question was answered affirmatively in [19]. 
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Proof. The inclusion P(/-i(^)) c P(/)-i(P(A)) is simple. We will show that P{f )-\P{A)) c P{f-\A)). 
Let /X G P{X) be a measure satisfying the condition P{f){ij,) G P{A). Let us fix e > 0. Since P{f ){n) e P{A), 
there exists a compact K c A such that P{f){fi){K) > 1 — |. The set f~^{K) c X is closed, with 
li{f~^{K)) = P{f){p?){K) > 1 — |. Since the measure /i is Radon, there exists a compact C C f~^{K) such 
that iJ,{f-\K) \ C) < |. Therefore, C C /"^(A) and //(C) > 1 - e, T.e. G P(/-^(A)). The theorem is 
proved. □ 

Theorem 2.15. The functor P preserves countable intersections, i.e. for any Tychonoff space X and its 
subsets X„ c X, n G N, P(n„eN ^n) = n„eN H^n)- 

Proof. The inclusion PiCln^n^n) C r\neNp'i-^n) is obvious. Now let ^ G f]^^^P{Xn). We will show that 

H G P(P|„gpjX„). Fix £ > 0. Since fj, G P(X„), n G N, for every n G N there exists a compact -ftr„ C X„ 
such that ^{Kn) > 1 — e/2". Let K = HneN c^'^ easily check that K C PlneN ^ > 1 — 

i.e. /i G P(P|^gj5j X„). The theorem is proved. □ 

Remark 2.16. Theorem 2.15 does not hold for an arbitrary number of indices. Indeed, let X = [0, 1] and 
Xa = [0, 1] \ {a}, where a G [0, 1]. Then for every a G [0, 1] the Lebesque measure A belongs to the set 
P(X„). But n„6[o,i] Xa = 0. That is P(n„e[o,i] Xa) ^ n„e[o,i] HXa). 

Lemma 2.17. Let X be a Tychonoff space and B c X be a Borel subset ofX. Then P{B) = Pr{B)f]P{X) c 
P{pX). 

Proof. The inclusion P{B) C P^(B) n P{X) is obvious. Let /x G P^(P) n P{X). Then = 1 and 

IJL^{X) = 1. Choose a Borel subset B C PX such that BnX = B. Then iJ,{B) > n*{B) = 1. Since the 
measure fj, is regular, for any £ > there exists a compact Ki C B such that ^{B\Ki) < e/2. By definition, 
|J,^,{X) = 1 implies that there exists a compact subset K2 C X C (iX such that /i(i^2) > 1 — s/2. Then 
K = Kir\K2 C Bf^B = B is a. compact subset of B satisfying \K)< iJ,{l3X \Ki)+ niPX \ K2) < 

e/2 + e/2 = e, which, by the arbitrariness of e > implies that ii*{B) = 1 and fj. G P{B). The lemma is 
proved. □ 

Theorem 2.18. The functor P preserves intersections of closed subsets, i.e. for any Tychonoff space X 
and its closed subsets Xa, a G A, P{C\aeA Xa) = flaeA P{Xa)- 

Proof. Theorem 1.10 implies that Pr(naeA^") = HaeA^TC^a)- Then, by Lemma 2.17, P(n„eA^a) = 
Pr{r\aeAXa) P{X) = flagA Pr{Xa) H P{X) = flagA -P(^a)- The theorem is proved. □ 

Now let us consider the question of continuity of the functor P. Let A be a directed partially ordered 
set (which means that for any a, (3 & A there exists a 7 G >1 such that 7 > a n 7 > /? ) . 

Let {Xa,Pa} be an inverse system indexed by the set A and consisting of Tychonoff spaces. By ^mXg 
we denote the limit of that system, and by pa ■ \imXa — > Xa, a G A, - the bonding maps. 

The inverse system {Xa,Pa} induces the inverse system {P{Xa),P{Pa)}t whose limit is denoted by 
^mP(Xa), and the limit projections by pr^ : ^imP(Xa) P{Xa). The maps P{pa) '■ PQ^Xa) — > P{Xa) 

induce a map R : P{\\niXa) ]^m. P{Xa)- 

It is well-known that if all Xa are compact, then the map P is a homeomorphism. This follows from the 
coutirmity of the functor P in the category of compacta [9, VII. 3. 11]. 

Theorem 2.19. The map R : P(^imXQ,) ^im P(Xq,) is an embedding. If the limit projections Pa ■ 

]^Xa — >■ Xa are dense, then the image R^PQhnXa)) is dense hm P(Xq,). // the index set A is countable, 
then R is a homeomorphism. 

Proof. The first two statements are proved in a similar fashion to corresponding statements of Theorem 
1.11. Let us assume that the set A is countable and show that the map R : PQhnXa) — >■ hmP(Xa) is a 
homeomorphism. For this purpose it is sufficient to prove the surjectivity of the map R. Like in the proof 
of 1.11, let us embed the map R in the homeomorphism R : P(^m pXa) — > ^mP(/3X„). 

Fix a thread {fia}aeA G ^imP(/3Xa). Let us show that ^ = R~^{{fJ.a}aeA) G P(^imX„) C P(^m pXg). 
Choose an e > 0. Fix a bijection ^ : A — > N. For every a & A choose a compact Ka C Xa satisfying 
HaiKa) > 1 — £-2~^("^ One can easily observe that the set K = {{xa)aeA G ^mXc | Pa{xa) G Ka, a e A} 

is compact. Furthermore, fi{{]^Xa)\K) < \JaeAl^iPa^iXa\Ka)) = UaeA Ma(^a\-?^'c<) < EaeA^-2~^^"^ = 
£. Therefore, the map R is surjective and the theorem is proved. □ 
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Corollary 1.13 implies 

Proposition 2.20. The functor P preserves homotopies, i.e. for any homotopy Ht : X Y the homotopy 
P{Ht) : P{X) P{Y) is continuous as a map P(i^(.)) : P{X) x [0, 1] ^ P{Y). 

Now we will consider the operation of tensor product of Radon probability measures. It is well-known 
(see [9, VIII, §1]) that given a family {XajaeA of compacts, for any probability measures G P{Xa), 
a G A, there exists a unique measure (8) /Xa G -PdlaeA ^a) (which is called the tensor product of measures 

lia ) on the product Hqga satisfying the following condition; for any finite B C A and any Borel sets 
Ya C Xa, a€ A, where Y^ = Xa, iia^ B, the following holds: (g) fiaiHaeA = HaeA Ma(^a)- 

aeA 

Proposition 2.21. Let {Xa}ai£A be a family of Tychonoff spaces, {cXa}a^A be a family of their compact- 
ifications and € P{Xa) C P{cXa), a £ A, be a family of Radon probability measures. If the index set A 
is at most countable, then ® iia G P{X\^^j^Xa) C -PdlaeA c-'^a)- 

aeA 

Proof. Let us show that the measure ®aeAlJ-a belongs to the set P(]\^^j^Xa) C P(Y\aeA^-^a)- For this 
purpose fix an arbitrary £ > 0. As the set A is at most countable, there exists an injection ^ : A — >■ N. Since 
every measure Ha. G P{Xa) is Radon, for every a £ A there exists a compact C X^ C cXa such that 
HaicXa \ Ka) < £/2~^^"\ Then for the compact space IlaeA C IlaeA -^a we get: 

(^«)_^Ma)(n \'[lKa,)<Yl Ma(cX„ < ^ £/2-«(") < S. 

aeA aeA aeA aeA 

Consequently, (8)„eA /^a G PiUaeA ^«)- 1^ 

Remark 2.22. Proposition 2.21 and well-known facts about the tensor product of probability measures 
on compact spaces implies that for any at most countable set of Radon probability measures G Pi^a), 
a G ^, on Tychonoff spaces Xa, there exists a unique Radon probability measure (E) Ha & PiYiaeA -^oi) 

aeA 

(which is called the tensor product of measures fi^ ) such that for any Borel sets Y^ C X^, a G A, we have 
the following equality: ( (g) Ma)(naeA ^a) = IlaeA Ma (^a)- 

aeA 

Remark 2.23. Proposition 2.21 does not hold if the index set A is uncountable. Indeed, if every measure 
A*a G Xa, a € A, has a non-compact support supp^Xaiil^oi) H Xa, then it can be shown that the measure 
( <8> Ha){K) of any compact set K c IlaeA -^a C IlaeA ^"'^a is zero. 

aeA 

For every Tychonoff space X let us define a map 5x '■ X P{X) assigning to each point x € X the 
Dirac measure 6x{x), concentrated at the point x. 
Theorem 1.14 implies 

Theorem 2.24. The family S = {Sx} defines a unique natural transformation of the identity functor 
Id : Tych Tych to the functor P : Tych — > Tych, whose components Sx ■ X ^ P{X) O'f^ o, closed 

embeddings. 

In a similar fashion to Theorem 1.15 we can prove 

Theorem 2.25. The functor P preserves the density of Tychonoff spaces, i.e. d{P{X)) = d{X) for any 

infinite Tychonoff space X . 

Theorem 1.16—1.22, and also Lemma 2.17 imply 

Theorem 2.26. The functor P preserves the weight of Tychonoff spaces, i.e. w{P{X)) = w{X) for any 

infinite Tychonoff space X . 

Theorem 2.27. The functor P preserves the class of metrizable spaces. 
Proposition 2.28. The functor P preserves uech-complete spaces. 

Proposition 2.29. If A is a Baire subset of a Tychonoff space X , then the function xa '■ P{X) ~^ [0, 1], 
where xa(a*) = A*(^)) A* G P{X), is measurable with respect to the a-algebra of Baire subsets of P{X). 
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Theorem 2.30. The functor P preserves Baire subsets. Moreover, for any ordinal number ^, if A € Ai(^{X), 
then P{A) G M^{P{X)); for every even ordinal number a, if A G J^a{X), then P{A) e 

Theorems 2.2 and 2.27 imply 

Theorem 2.31. The functor P preserves the class of p-paracompact spaces. 

Theorem 2.32. The functor P preserves projective subsets of metrizable compacta. Furthermore, for every 
n>0,ifA€ V2n{X), then P{A) G p2n+i(P(^)). 

Proof. Let X bo a metric compact. For n — the statement of the theorem follows from Theorem 2.30. By 
exp(X) we denote the hyperspace of non-empty closed subsets of X, equipped with the Vietoris topology. 

Now let n > 1 and A e V^niX). In this case P{A) = £ P{X) \ n^{A) = 1} = {/i e P{X) \ for any 
m > 1 there exists a compact K C A such that fi{K) > 1 — ^} = 0™=! P^i(-^ni). where _E„, = {(/i, K) G 
P{X) X exp(X) \ K C Aaad ii{K) > 1 - ^} and pr^ : P{X) x exp(X) -> P{X), the projection onto the 
first factor. Let exp(A) = {C € exp(X) \C (Z A). In [13] it was proved that exp(A) G 'P2n(exp(X)). Then 
for any m G N E„^ = R{1 - j^) r\ (P{X) x exp(A)). Since the set - ^) C P{X) x exp(X) is closed 
(see the proof of Theorem 1.22), Em e V2n{P{X) x exp(X)). Consequently, pri(i;„) G V2n+i{P{X)) and 
HA) = n™=i P^iiErn) e V2n+i{PiX)) [12, §38, III, Theorem 3]. □ 

Remark 2.33. If A is an analytic subset of the a compact space X, then P{A) G Pi{P{X)). This follows 
from Theorem 1.23 and the equality P{A) = Pr{A), which is the result of the fact that analytic subsets of 
metric compacta are measurable with respect to any measure. 
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